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Abstract9

A two-dimensional Detrended Fluctuation Analysis (DFA-2D) was10

employed for the charactarization of 1
f classic white, pink and brownian11

noises. The values were compared with the fBm and fGn fractal signals.12

The exponent α was evaluated and compared with exponent β of the13

power spectrum. It was determined that the DFA-2D was capable14

of detecting and characterizing the different signals. In addition, the15

relation between α and β was defined as β ≡ 2α−2 for two-dimensional16

signals, with the exception of the fBm signals, where β ≡ 2α. A17

computational analysis of the time and accuracy of the DFA-2D was18

also carried out. The complexity of the method grows exponentially19

with the enlargement of the image size and the process becomes very20

slow for images greater than 1000x1000 pixels.21

22

Keywords: long-range dependence, DFA-2D, 1
f

noise, computational23

analysis.24

25

1 Introduction26

The method employed in the Detrended Fluctuation Analysis (DFA) was27

formally defined by Peng et al [1] for an analysis of non-stationary signals.28

In 2002, the method was generalized to characterize multifractal signals[2].29

More recently, the DFA and multifractal DFA (MF-DFA) have been ex-30

panded to operate not only for a one-dimensional time series but also for31

any other kind of dimensions, in particular two-dimensional surfaces (DFA-32

2D and MF-DFA2D)[3]. As well as this, there have been several other33

suggestions for generalizing the method in recent years [4].34
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DFA is regarded as a method that is able to capture the behavior of35

scales (power law) in long-range correlations in time series, which, in the36

analysis of signals, is a concept also known as memory or persistence. The37

DFA’ differential is the fact that the method operates in a non-stationary38

series. If the signal is detrended, it is able to calculate the correlations39

without being affected by the possible presence of trends. Moreover, as the40

DFA measures long-range correlations, it is also suitable for calculating what41

is called the Hurst Exponent [5]. In this way, the fractal theory forms the42

underlying framework of the DFA.43

Although some authors have criticized the method [6, 7, 8, 9], the one-44

dimensional DFA has been widely used, for example in biomedical [10, 11, 12]45

and environmental areas [13, 14]. Its multifractal version is also popular,46

because many of the dynamic processes that occur in nature, cannot be47

characterized by a single scaling exponent [15, 16, 17].48

When applied to two-dimensional surfaces, the notion of persistence can49

reveal features related to surface roughness. For this reason, DFA-2D and50

MF-DFA2D have been particularly applied in these conditions. However,51

although it is an established method for its one-dimensional version, the52

DFA-2D has not been explored to any extent. Some of its applications can53

be seen in [18, 19, 20, 21, 22, 23, 24].54

One important factor that should be mentioned is that some authors use55

a one-dimensional DFA to operate within a two-dimensional matrix [25, 26,56

27]. The main reasons given by these authors is the high computational cost57

of the DFA-2D and the difficulty of interpreting the results.58

Most of the works in the literature only use the DFA-2D as a computer59

operator, without being particularly concerned about the physical interpre-60

tation of the results. In addition, theoretical studies in general are carried61

out with knowingly defined fractal data such as the Fractional Brownian62

Motion (fBm) and the Fractional Gaussian Noise (fGn).63

In light of this, this study seeks to assist in the understanding and inter-64

pretability of the DFA-2D, by examining the two-dimensional DFA through65

a canonical data model that includes both fractal and 1
f noises ande the re-66

lation between the exponent of the DFA-2D (α), with that of the 2D Power67

Spectrum (β). Another aim of this work was to assess the computacional68

performance of DFA-2D with different image sizes and different Hurst ex-69

ponents.70

This study is structured in the following way: Section 2 provides a short71

review of the data used in the research. Section 3 describes the DFA-2D72

algorithm and the data classification process, as well as conducting a com-73

putational analysis. Section 4 concludes the study and adds some final74
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considerations.75

76

2 1
f Noise Data77

[28] states that several physical systems have some type of power-law cor-78

relations in space (fractal) or time ( 1
fγ ). [29] define 1/f noise as a kind of79

temporal fluctuation which has an intensity and power that are inversely80

proportional to frequency. The noises of the 1/f type vary their correlation81

power between the white ( 1
f0

) and the brownian noise( 1
f2

). There are several82

other noises between these two extremes, including the intermediary pink83

noise ( 1
f ), which contains influences that are equal to all the intervals of the84

time scale in the whole spectrum [30].85

In contrast with the white noise that does not have memory, the brown-86

ian processes are dominated by their recent history. Both are non-stationary.87

The pink noise shares properties with the white and brownian noises and88

is considered to be non-stationary and as a result of these intermediary89

features is the most widely used model to design real events.90

When in two-dimensional space, these concepts can be extended to spa-91

tial autocorrelation, which is defined as the correlation between pairs of92

separate points by use of distance. [31] explains that the fractals have a93

form that is simple but important for the spatial structure, since their pat-94

terns are statistically equivalent in all the scales. Thus, the 1
fγ family of95

noise models can be regarded as fractional brownian motion, with the ex-96

ception of γ ≡ 1 [30]. In this case the range of possible values for γ is altered.97

Brownian fractional motion are defined by low frequencies, with 1 < γ < 3,98

including the ordinary brownian motion (γ = 2). However, the processes99

derived from fractional gaussian noises are defined by high frequencies, with100

−1 < γ < 1, including the white gaussian noise (γ = 0) [32].101

The data regarding white gaussian, pink and brownian noises used in102

this study, were generated through the Matlab code by [33], based on the103

methodology described in [31], and using the Inverse Fourier Transform.104

The size of the matrices was 500x500. Five hundred samples of each model105

were produced.106

Figure 1 shows a sample of each model and its respective power spectrum.107

Since it is two-dimensional, the exponent β is calculated by means of a radial108

average and in this case, it expresses the average of the 2D Fourier power109

spectrum in all possible directions [34]. The Matlab code distributed by [35]110

was used for power spectrum computation.111
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Figure 1: Examples of noisy surfaces and their respective radial power spec-
trum. At the top, white noise. In the middle, pink noise and down, Brownian
noise.
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Signal βmean

White Noise -0.0009 ± 0.0083

Pink Noise 1.0022 ± 0.0080

Brownian Noise 2.0051 ± 0.0074

Table 1: Power spectrum values for the radially averaged power spectral
density for some typical signals. The mean and standard deviation are
relative to five hundred samples of each model.

Table 1 shows the average values and respective deviations of the power112

spectrum. It was confirmed that the values obtained are identical to those113

usually described in the literature for the one-dimensional time series. In114

the case of simulations of fBm data, when the Hurst exponent = 0.5, β =115

2.7597 ± 0.094 was obtained. As for fGn signals also with Hurst exponent116

= 0.5, β = −0.9839 ± 0.0134 was obtained.117

118

3 Detrended Fluctuation Analysis 2D (DFA-2D)119

3.1 The DFA-2D Algorithm120

The implementation of the DFA-2D method is an adaptation of the DFA121

method for a one-dimensional temporal series and will be described below,122

as defined in [3].123

In the 2D adaptation, the matrix is subdivided into submatrices that124

range from 6 to (n/4), n being the lowest value between (M/4) e (N/4),125

where M and N correspond to the number of lines and columns of the126

matrix respectively. After the subdivision of the matrix, it is integrated in127

accordance with Equation 1.128

yv,w(i, j) =
i∑

k1=1

j∑
k2=1

Xv,w(k1, k2) (1)

The local trend is removed for each sub-matrix. The least-squares method129

is employed by adjusting the surface by one of the surface equations defined130

in [3]. Following this, the residual matrix between the sub-matrix (y) and131

the adjusted surface (ỹ) is calculated (Equation 2).132

zv,w(i, j) = yv,w(i, j) − ỹv,w(i, j) (2)
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The local fluctuation function for each scale s (6 ≤ s ≤ min((M,N)/4))133

is calculated by means of Equation 3.134

F 2(u, v, s) =
1

s2

s∑
i=1

s∑
j=1

(zv,w(i, j))2 (3)

The global fluctuation function is calculated as an average of the local135

fluctuation functions, by means of Equation 4.136

F2(s) =

 1

p ∗ q

p∑
i=1

q∑
j=1

F 2(u, v, s)

 1
2

(4)

where: p = M/s and q = N/s.137

Thus by varying the value of s, it is possible to determine the relation of138

the scale between the fluctuation of the F2(s) function and the size of Scale139

s, by means of Equation 5:140

F (s) ∼ sα (5)

The exponent for fluctuation scaling (α) is thus calculated as the slope141

of the straight line of the log-log graph between F2(s) and s.142

3.2 The exponent α143

According to some authors, one of the drawbacks of the DFA is the inter-144

pretability of exponent α. Since the DFA is used as an approximation for145

the Hurst exponent, the interpretation in the literature generally follows146

the pattern of Table 2, which, in reality, describes the possible values and147

interpretations of the Hurst exponent. The exponent α does not only range148

between 0 and 1. In general terms [36, 37]:149

• If the signal is a fractional gaussian noise (fGn), i.e. is stationary, then150

H ≡ α.151

• If the signal is a fractional brownian motion (fBm), i.e. is not station-152

ary, then H ≡ α−D, where D is the fractal dimension of the analyzed153

data.154

This relationship arises from the first stage of the DFA algorithm, relative155

to the integration of the signal. The DFA acts on the fBm signals and156

the integration turns a possible fGn signal into a fBm and a fBm into an157

accumulated fBm [37, 38].158
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α Interpretation
0<a <0.5 Signal with long-range anti-persistence correlation. The closer to

zero the higher the anti-persistence.
a = 0.5 Uncorrected signal (white noise)
0.5 <a <1 Signal with persistent long-range correlation. The closer to 1, the

greater the persistence.
a = 1 Pink noise
a = 1.5 Brownian noise

Table 2: Values and interpretation of the exponent α

Hence, the stationary signals return values of α between 0 and 1 for the159

DFA-2D, whereas the non-stationary signals return values between 2 and160

3. Values of α between 1 and 2 indicate that the signal does not possess161

memory. An understanding of the significance of the value of α helps to162

understand not only the correlation of the signal power analyzed, but also163

its origins.164

In the case of a one-dimensional series, [39] defined the power spectrum165

β [40] as the equivalent of β = 2H + 1, for fBm signals and β = 2H − 1166

for fGn signals. [41, 39] provide an experimental validation of the relation167

between β and α, both for fBm, and for fGn, as:168

β ≡ 2α− 1 (6)

3.3 Implementation of the DFA-2D169

The code was designed with the aid of Python language and in particular the170

NumPy and SciPy [42]. Python version 3.4, was used together with numPy171

1.11 and sciPy 0.17. NumPy does not have direct functions for calculating172

the two-dimensional least squares in the matrix. In view of this, a LU173

factorization was employed to carry out the detrending of each sub-matrix174

on the basis of the plane model ỹv,w(i, j) = ai+ bj + c.175

The DFA-2D was evaluated in scales ranging from 6 to 128. The empir-176

ical tests were carried out on a desktop, with a Core i7 processor 950, 3.07177

GHZ, 8GB of RAM memory, Linux Centos logrotate 7.2.15.11, with totally178

dedicated servers.179

The experiment conducted by [3] was reproduced as it is, to validate180

if the method had been implemented correctly i.e. by varying the Hurst181

exponent between 0.05 0.95, with increments of 0.05. 500 simulations of fBm182

fractals were produced for each value of the Hurst exponent with dimensions183

of 500x500, and using Fraclab [43]. The graph in Figure 2 shows the results.184
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The error bar shows the standard deviation of the 500 samples of each value185

of H. Thus as stated by [3], the standard deviation increases with the increase186

of H.187

The Python code is available at: https://github.com/vanessavcos/DFA-188

2D.189

Figure 2: Mean value of the Hurst exponent estimated with the DFA-2D for
fBm surfaces.

3.4 Process of Classification190

Figure 3 and Table 3 show the log-log graph and the respective values of191

α for fGn and fBm with the Hurst exponent 0.5 and white (β = 0), pink192

(β = 1) and brown (β = 2) noises. The values are the averages of the193

five hundred samples of each model. The fGn data were produced by the194

successive differences of the respective fBm, in accordance with [36, 37].195

From the value of Table 3, it was determined that the DFA-2D was able196

to discriminate between the different types of signals. It was also found that197

the α for the white and brownian noises have border values (approximately198

1 and 2, respectively) and reveal a close relationship with each other because199

the brownian noise is the integration of white noise. An important point is200

the evaluation of the DFA-2D for (1/f) pink noises. The α is given a value201

of approximately 1.5, which reveals brownian signals for the DFA-1D. It202

should be noted that the DFA-2D returns values between 1 and 2 for noises203
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Signal Parameter αmean
fGn Hurst = 0.5 0.4067 ± 0.0205

fBm Hurst = 0.5 2.4794 ± 0.0676

White Noise β = 0 0.9992 ± 0.0207

Pink Noise β = 1 1.4895 ± 0.0313

Brownian Noise β = 2 1.9820 ± 0.0434

Table 3: Mean values of α to some typical signals obtained with DFA-2D.
The mean and standard deviation are relative to five hundred samples of
each model.

and that, in this case, there is no way to derive the Hurst exponent.204

The fBm signal had a value very close to the expected (≈ 2.5). The fGn205

dispersed a little from the expected (≈ 0.5), which might be a reflection of206

the methodology employed to derive it from the fBm.207

The log-log graph (Figure 1) makes clear the monofractality of the data208

because the linear regression is a straight line. A structural difference is also209

found between a fractionary gaussian noise (fGn) and an ordinary gaussian210

noise (white noise). The fGn shows the same value of the fluctuation function211

in all the scales because it is a stationary signal.212

When the data from Table 1 and Table 3 are compared, it is found that213

the relation shown in eq. 6 cannot be confirmed. Instead of this, it can be214

said that for two-dimensional signals β ≡ 2α−2 and therefore, α ≡ β
2 +1 for215

noises and fGn signals. In the case of fBm signals, it can be approximated216

that β ≡ α. However, in the case of the fBm signal when the Hurst exponent217

= 0.5, the power spectrum overestimates the value of H and hence, the value218

of α, because the value obtained for β was 2.7, when it should have been219

equal to 2.5. Tests with other values of the Hurst exponent were carried out220

and these confirmed the relation of β ≡ α for the two-dimensional fBm.221

3.5 Computational Performance222

This section has evaluated the relation between the processing time, the223

accuracy of the DFA-2D and the size of the image. It involved assessing224

thirty samples of the fBm bi-dimensional process, with different sizes (64,225

128, 256, 512, 1024 e 2048) and different Hurst exponents (0.3, 0.5 e 0.8).226

The results are shown in Table 4.227

With regard to accuracy, the images of 64x64 and 2048x2048 were those228

that had most errors. However, even in small-scale conditions, as in the case229

of the 64x64 image, the DFA-2D came close to the result expected.230
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Figure 3: LogLog graphic of typical signals fBm and fGn with Hurst 0.5
and white, pink and Brownian noise. The data are averages of five hundred
samples. The highlighted lines and equations refer to the fit of the data.
The slope of this line reveals the value of the parameter α.

With regard to performance, it was confirmed in Table 4 and Figure231

4 that the enlargement of the image led to an exponential increase in the232

time. Some authors have drawn attention to the high computational cost233

of the DFA-2D (asymptotic complexity of the order of O(n3)) [26, 27]. One234

way to improve performance might be by means of parallelization, since the235

sub-matrices can be processed in parallel because they do not depend on236

each other’s results. The parallel algorithm that uses GPU and CUDA is237

under development and will be described shortly. The preliminary results238

suggest there was a significant improvement in the processing time when the239

parallel approach was adopted.240

4 Concluding Remarks241

The DFA is a method that is widely used in several areas. It is important242

to know the dynamics of data formation, especially in cases of classification.243

Despite some criticism, several variations of the method have been designed,244

which is proof of its robustness. However, the DFA-2D version has not been245

explored to any great extent and there are still very few evaluations with246

different data from fBm and fGn.247

In this study, there is an evaluation of the DFA-2D for white, pink and248
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α Time(s)

Hurst Image Size Mean Std Mean Std

64 0.3218 0.0281 0.0911 0.0010
128 0.3126 0.0129 0.4850 0.0031
256 0.3030 0.0222 2.3569 0.0048
512 0.3043 0.0126 11.6196 0.1045
1024 0.3034 0.0094 59.9468 0.1172

0.3

2048 0.2987 0.0545 357.1790 119.3266

64 0.5204 0.0403 0.0910 0.0013
128 0.5037 0.0245 0.4837 0.0010
256 0.5071 0.0256 2.3583 0.0127
512 0.4954 0.0186 11.5791 0.0562
1024 0.5033 0.0123 59.8843 0.0904

0.5

2048 0.4989 0.0913 253.8633 146.4943

64 0.7892 0.0628 0.0911 0.0021
128 0.8122 0.0445 0.4849 0.0028
256 0.8054 0.0262 2.3574 0.0122
512 0.8020 0.0271 11.5651 0.0176
1024 0.8043 0.0268 59.8982 0.2121

0.8

2048 0.7880 0.0150 356.1359 148.3523

Table 4: Mean and standard deviation of DFA-2D parameter α and the
processing time for images with different sizes and different Hurst exponents.

Figure 4: Average processing time values for different image sizes.
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brownian noises. It was found that the classical relationship between α and249

β is not valid for the data analyzed in this study where the exponents cited250

were related in the form β = 2α − 2, with the exception of the fBm signal,251

where β ≡ α.252

The average time for the data processing (512 x 512) is about 12 seconds253

for the DFA-2D, in a totally dedicated Linux machine. This high complex-254

ity of the algorithm has led some sectors to adjust it or even avoid using255

the method. For this reason, the parallelization of the DFA-2D have been256

examined and the preliminary results from the use of GPU and CUDA have257

shown a significant improvement in the results.258

In the case of fBm signals, the accuracy of the method is not greatly259

influenced by the image size. Even with small scales, such as in the image260

of 64x64, the DFA-2D was able to come close to the result expected.261

It was found that the DFA-2D was able to classify and characterize the262

different systems studied and allow different signals to be identified. Another263

valuable finding of the work is in the theoretical and practical understanding264

of the white noise. It could be noted that, despite being decorrelated, the265

two-dimensional signals with β = 0 (noise), α = 0.5 (fGn) and α = 2.5266

(fBm), can physically identify different processes.267

268
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